Abstract-In this paper, we investigate surface plasmon-polariton propagation at the interface of metal and magnetooptic dielectric semiinfinite layers where both layers are magnetized. Using magnetic group theory, we calculate scattering matrices for the waveguide sections with three orientations of dc magnetic field. Solving analytically the wave equation for the Voigt configuration, we obtain exact dispersion relation for this waveguide. Numerical examples show that the nonreciprocal phase shift between forward and backward waves can be increased significantly as compared with the case where only the magnetooptic dielectric layer is magnetized.
INTRODUCTION
The diffraction limit of light can be overcome using surface-plasmonpolaritons (SPPs). SPPs are electromagnetic waves propagating along a metal-dielectric interface due to resonant interaction between photons and free electrons in the metal surface. The wavelength of an SPP could be far much less than the wavelength of light. As a consequence, the plasmonic waves can confine and enhance electromagnetic fields at nanometric scale. These attractive characteristics can serve for implementation of a new generation of optical components [1] .
For development of all-optical networks, it is necessary to have components for control and manipulation of SPPs. Magnetooptic (MO) effects can serve for this purpose. One of the main problems in implementation of MO control and nonreciprocal components in optic region is a small value of the Voigt parameter for existing magnetooptic materials. This parameter defining nonreciprocal properties of media is calculated as ratio of nondiagonal element of the permittivity tensor and diagonal one. With small value of the Voigt parameter, a possible way to increase nonreciprocal effects is to increase the volume of the nonreciprocal material interacting with electromagnetic waves.
A promising structure which can serve as a nonreciprocal waveguide is the Voigt configuration with magnetization in-plane of the metal-MO dielectric interface and perpendicular to the wave vector of SPP. SPP propagation in such structures was discussed in various papers (see, for example, [2, 3] and references in them) but in most of them magnetic properties of the metal media were not taken into account. However, magnetization of plasma at the metallic surface may lead also to significant MO activity.
In this paper we investigate a basic structure consisting of two semi-infinite layers where both a MO dielectric layer and a metal are magnetized, because, firstly, in practice magnetization of the MO material will lead to magnetization of the metal as well because the MO material and the metal are juxtaposed. Secondly, and most important, the analysis of properties of SPPs at MO material-metal interface, taking into account the effects of magnetization of the plasma at the metal surface, can give a more realistic evaluation of nonreciprocal properties of these structures.
Notice that our analysis is fulfilled using exact analytical methods which give a better physical insight into the problems. To the best of our knowledge, any analytical solution for SPPs propagating along two semi-infinite magnetized layers described by nonsymmetrical tensor permittivities has not been reported so far.
A general symmetry analysis of the waveguide with three orientations of dc magnetic fields presented below allows one to discuss a realizability of nonreciprocal effects without using Maxwell equations. We also solve the wave equation for the Voigt geometry and obtain the exact analytical dispersion relation for such waveguide. Finally, numerical examples illustrating the theory are given.
THEORY

Symmetry Analysis Using Magnetic Groups
The geometries of the problem for three orientations of dc magnetic field B 0 are shown in Figure 1 . The axis z is oriented normally to the interface xy of two semi-infinite regions and every region is described by a nonsymmetrical permittivity tensor. The direction of wave propagation is along the y-axis. The structures are uniform in the x-direction. It should be noted that the following symmetry analysis is valid also for waveguides with a limited width 2a in the x-direction if the boundary conditions on the planes x = ±a are the same. The waveguides can also be finite in the z-direction but in this case there is no restriction on the symmetry of the boundary condition in the plane z = const. An example of such structure with the port numbering is shown in Figure 2 .
Depending on magnetization orientation, different eigenmodes can exist in the waveguides under investigation. The following symmetry analysis is valid for any type of the modes, in particular, for TM and hybrid ones.
In circuit theory, a section of the waveguide can be described as a four-port (see Figure 2 ). The 4 × 4 scattering matrix [S] of this multiport relates the components of the incident and reflected waves in two orthogonal ports at the input and the output of the waveguide section as follows:
where t means transposition, r and i denote reflected and incident waves. The voltages V i and V r can be defined by E z and E x components of the corresponding electromagnetic waves.
Our problem is to calculate the structure of the matrix [S] which follows from the physical symmetry of the structure. This symmetry is defined not only by geometry of the problem but includes also the Time reversal operator T [4] .
Three possible orientation of dc magnetic field B 0 are shown in Figure 1 : the Voigt configuration with B 0 ||x, Figure 1 (a), the transversal magnetization with B 0 ||z, Figure 1 (b) and the Faraday configuration with B 0 ||y, Figure 1 (c). It is convenient to discuss the properties of the magnetized waveguides using the theory of magnetic groups.
For the Voigt configuration, the magnetic group of symmetry is C 2v (C s ) (in Schoenflies notations [4] ) which contains the following elements: e -identity; σ x -plane of symmetry x = 0; T σ yplane of symmetry y = 0 combined with the Time reversal T ; T C 2z -rotation by π around the axis z also combined with T .
For the transversal magnetization, the group is C 2v (C 2 ) with the following elements of symmetry: e -identity; C 2z -rotation by π around the axis z; T σ x -plane of symmetry x = 0 combined with the Time reversal T ; T σ y -plane of symmetry y = 0 combined with T .
Finally, for the Faraday geometry, the magnetic group is C 2v (C s ) as in case of the Voigt configuration but the elements of symmetry in this case are as follows: e -identity; σ y -plane of symmetry y = 0; T σ x -plane of symmetry x = 0 combined with the Time reversal T ; T C 2z -rotation by π around the axis z combined with T .
Notice, that in the above magnetic groups, the "pure" Time reversal operator is absent. Thus, all the waveguides in The reflection σ y (see Figure 2 ) interchanges the ports 1 and 2, and also the ports 3 and 4. The rotation by π around the axis z interchanges the ports 1 and 2. It also interchanges the ports 3 and 4 but with changing the sign. Therefore, the matrix representations [R] for these elements can be written as follows:
In Table 1 , we present two chosen generators for every magnetic group, the corresponding commutation relations and the calculated scattering matrices. These matrices allow one to analyze a possibility of realization of nonreciprocal effects in the waveguides: difference in phase, amplitude and polarization for the waves propagating in opposite directions. 
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In this paper, we are not interested in polarization effects. Our interest lies in nonreciprocal phase shift between port 1 and port 2. We can see from Table 1 that this effect, i.e., the condition S 21 = S 12 can exist only in the Voigt geometry. Moreover, there is no coupling in this geometry between ports 1 and 2 from one side and ports 3 and 4 from the other side. Therefore, in the following we restrict ourselves by consideration of this simple case.
Dispersion Relation for SPPs in Voigt Geometry
When a medium of a multilayer nanoplasmonic waveguide exhibits MO activity, theoretical description of SPP modes is more complex as compared with nonmagnetic case because a coupling of different electromagnetic field components is possible. The nonzero off-diagonal elements of the antisymmetric permittivity tensor [ε] stipulate this coupling.
For magnetization along the x-direction, the tensors [ε] d for a MO dielectric and [ε] m for a metal have the same structure:
where j is the imaginary unit. The Helmholtz equation for the longitudinal electric field component E d,m y for dielectric (denoted by d) and metal (designated by m) media with harmonic variation exp(−jβy) along the axis of propagation (the factor exp(jωt) is suppressed) is written as follows:
where k 0 = ω/c is the wavenumber in free space, c being the velocity of light in vacuum, β the complex wave number, and
The Helmholtz Equation (3) has the same structure as the corresponding equation for the nonmagnetized media. Thus, the Voigt configuration allows propagation of TM SPP mode with the components E y , E z and H x [2] . But now the wave number β depends not only on the diagonal elements d and m of the tensors but also on the off-diagonal ones ζ d and ζ m .
The solution of Equation (3) for semi-infinite MO dielectric and semi-infinite metal can be written as follows:
where A and B are arbitrary constants. The boundary conditions for our problem are continuity of the electric field E y and magnetic field H x at the interface z = 0. Using these conditions, after some mathematical manipulations we come to the following biquadratic equation for the wave number β:
where
. Solution of (6) gives the desired dispersion relation:
In one limiting case when only MO material is magnetized and metal is described by scalar parameters, i.e., ζ m → 0, Equation (7) is transformed to that obtained in [2] :
Changing in ζ d the subscript d by m and making substitution ε d by ε m and vice versa, we obtain from (8) the dispersion relation for the structure where only metal is magnetized.
In another limiting case where both dielectric and metal are described by scalar parameters, expression (7) is simplified to the wellknown formula [1] :
Let us return to relation (7) . Notice first of all that with opposite signs of ζ d and ζ m , this equation can be used for the calculation of structure on Figure 1 (a) with opposite directions of magnetization of MO dielectric and metal. Secondly, Equation (7) The ± signs in front of the square root of M correspond to two possible signs of dc magnetic field B 0 . The ± signs in front of k 0 in (7) set two possible directions of wave propagation. Thus, formally we have four solutions of biquadratic Equation (6) . But in fact, only two different solutions exist for the waveguide as it was discussed also in [2] . An explanation of this from the symmetry point of view is as follows. The Time reversal operator T applied to magnetic field and to propagation constant changes their signs. This fact and symmetry of Maxwell equation with respect to T lead to the following conclusion: the propagation constant for one direction of propagation with a fixed orientation of dc magnetic field equals to the propagation constant for the opposite sense of propagation with the reversed dc magnetic field. But for a fixed direction of dc magnetic field B 0 , the forward and backward traveling waves have different phase velocities, i.e., the waveguide is nonreciprocal.
NUMERICAL EXAMPLES
Using formula (7), we give below two illustrative examples: the first one is a combination of yttrium iron garnet (YIG) and silver (Ag). In the second example one medium is YIG and the other medium is cobalt (Co). The applied external magnetic field corresponds to the Voigt configuration shown in Figure 1 . We do not take into account the dielectric losses in MO material because they are small in comparison to those of the metal.
In Table 2 we present the calculated difference Re∆β = (Reβ + − |Reβ − |) between phase constants of forward Reβ + and backward Reβ − waves (the symbol Re means the real part) for λ = 1.55 µm. The values of Re∆β are normalized to the phase constant of the nonmagnetized structure Reβ 0 .
From Table 2 we see, firstly, that one can obtain greater values of Re∆β when the effect of external magnetization on the plasma at the metallic surface is taken into account. Secondly, because of high Table 2 ) in case of YIG + Co are higher than for YIG + Ag. The problem of high ohmic losses of ferromagnetic metals can be resolved by using ad hoc created materials. For example, in [6] , a nanocomposition of Au-Co is suggested which allows one to combine high conductivity and high MO activity in one material. Another known drawback of metals as MO materials is high value of the required dc magnetic field for their magnetization. One method of solving this problem is the use of metal films with a reduced thickness [7] .
CONCLUSION
In this paper, we presented an analytical investigation of SPP propagation at the interface of two semi-infinite magnetized media. Using the theory of magnetic groups, we calculated scattering matrices for the Voigt and the Faraday geometry and for the transversal magnetization. For the Voigt configuration, we obtained the exact analytical dispersion relation. We also showed numerically that phase shifting between forward and backward traveling SPP modes is increased significantly when the magnetic properties of the metal are taken into account. The obtained results can be useful for projects of nonreciprocal and control nanoplasmonic components such as isolators, circulators, modulators and switches.
